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CS 395/495CS 395/495--26: Spring  200226: Spring  2002

IBMR: Week 9A IBMR: Week 9A 

The Camera Matrix The Camera Matrix 
and World Geometryand World Geometry
Chapters 5, 6, 7 (partial)Chapters 5, 6, 7 (partial)

Jack TumblinJack Tumblin
jet@cs.northwestern.edujet@cs.northwestern.edu

RemindersReminders
CTEC Online CTEC Online –– please add your comments…please add your comments…
•• Proj3 Due Thurs May 23Proj3 Due Thurs May 23

HW2 posted on website.HW2 posted on website.
•• HW2 due Thurs May 30HW2 due Thurs May 30

Proj4 posted on website.Proj4 posted on website.
HW 3 Assign Thu May 30HW 3 Assign Thu May 30

•• Proj4 Due Tues June 11Proj4 Due Tues June 11
•• HW3 Due Tues June 11HW3 Due Tues June 11

Camera Matrix P links PCamera Matrix P links P33 PP22

•• K matrixK matrix: “: “internalinternal cameracamera calibcalib. matrix”. matrix”
•• RR··T matrixT matrix: “: “externalexternal camera camera calibcalib. matrix” . matrix” 

–– T matrix:  Translate world to cam. originT matrix:  Translate world to cam. origin
–– R matrix: 3D rotate world to fit cam. axesR matrix: 3D rotate world to fit cam. axes
–– 1111 DOF totalDOF total

Combine: writeCombine: write
(P(P00··RR··T)T)··X = xX = x

asas
PP··X = xX = x

Output: Output: xx
2D Camera Image 2D Camera Image 

Input:Input: XX
3D World Space 3D World Space 
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Uses for Camera Matrix Uses for Camera Matrix PP

•• PP’’s Null Space: camera center s Null Space: camera center CC in world spacein world space
PP··C = 0  C = 0  (solve for C, get )       (solve for C, get )       C =C =

•• PP’’s s ColumnsColumns: : pp11, , pp22, , pp33, (and, (and pp44))
worldworld’’s s xxww,, yyww,, zzww axis vanishing pts. axis vanishing pts. 

(and origin) in image space(and origin) in image space
•• PP’’s s RowsRows: : pp1T1T, , pp2T2T, , pp3T3T

camera planes in worldcamera planes in world--spacespace……

xxcc
yycc
zzcc

xxww
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zzww
ttww

==
•• •• •• ••
•• •• •• ••
•• •• •• ••

PPPP··X = xX = x, or, or PP ==
•• •• •• ••
•• •• •• ••
•• •• •• ••

MM pp44

--MM--11··pp44

Uses for Camera Matrix Uses for Camera Matrix PP

ColumnsColumns of P matrix: Points in imageof P matrix: Points in image--space: space: 
•• PP11,P,P22,P,P33 == image of  x,y,z axis vanishing points == image of  x,y,z axis vanishing points 

–– Proof: let D = [1 0 0 0]Proof: let D = [1 0 0 0]TT = point on x axis, at = point on x axis, at inifinityinifinity
–– PD = 1PD = 1stst column of P. Repeat for y and z axes column of P. Repeat for y and z axes 

•• PP44 == image of the world== image of the world--space origin pt.space origin pt.
–– Proof: let Proof: let DD = [0 0 0 1]T = world origin= [0 0 0 1]T = world origin
–– PDPD = 4= 4thth column of column of PP = image of origin pt. = image of origin pt. 
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Uses for Camera Matrix Uses for Camera Matrix PP

RowsRows of P matrix:  planes in world spaceof P matrix:  planes in world space
•• row 1 = row 1 = pp11 = image x= image x--axis planeaxis plane
•• row 2 = row 2 = pp22 = image y= image y--axis planeaxis plane
•• Careful!Careful! Shifting image originShifting image origin

shifts the x,y axis planes!shifts the x,y axis planes!
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Uses for Camera Matrix Uses for Camera Matrix PP

RowsRows of P matrix:  planes in world spaceof P matrix:  planes in world space
•• row 1 = row 1 = pp11 = image x= image x--axis planeaxis plane
•• row 2 = row 2 = pp22 = image y= image y--axis planeaxis plane
•• row 3 = row 3 = pp33 = camera= camera’’s principal planes principal plane

–– principprincip. plane . plane pp33= = [p[p3131 pp3232 pp3333 pp3434]]TT

–– its normal vector:  its normal vector:  [p[p3131 pp3232 pp33  33  0  ]0  ]TT

–– Why is it normal? ItWhy is it normal? It’’s the worlds the world--space space 
endpoint of endpoint of zzcc axis (at infinity )axis (at infinity )
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Uses for Camera Matrix Uses for Camera Matrix PP

•• Principal Axis VectorPrincipal Axis Vector in in worldworld space:space:
–– Normal of principal plane: = Normal of principal plane: = mm33 = = [p[p3131 pp3232 pp33  33  0  ]0  ]TT

–– Scaling Scaling Ambiguous direction!!  +/Ambiguous direction!!  +/-- mm3  3  ?   ?   
–– Solution:  use Solution:  use detdet(M)(M)··mm33 as front of cameraas front of camera

•• Principal Point Principal Point p p in in imageimage space:space:
–– image of (infinity point on image of (infinity point on zzcc axis = maxis = m33))

MM··mm33 = = pp = x= x0  0  (book renames p as x(book renames p as x00))
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Uses for Camera Matrix Uses for Camera Matrix PP

Given image pointGiven image point xx00 and camera matrix and camera matrix PP,,
Find ray Find ray X(X(µµ)) in world space through both:in world space through both:

Slow, Obvious way:  ‘PseudoSlow, Obvious way:  ‘Pseudo--invert’ invert’ P:P:
•• Define pseudoDefine pseudo--inverse inverse PP++ as as = P= PTT(PP(PPTT))--11 (note (note P·PP·P++ = I= I))
•• Find a worldFind a world--space point on ray: Xspace point on ray: X0  0  = P= P+ + xx00
•• LIRP with camera:   LIRP with camera:   X(X(µµ) = C + (X) = C + (X00--C)C)µµ

Better way:Better way:
•• Find where ray from x hits infinity in world space:Find where ray from x hits infinity in world space:

X(X(µµ) = ) = µµMM--11x x –– C = MC = M--11 ((µµxx –– pp44))
11

ff CC

yycc

zzcc

xxcc

pp

xxcc
yycc
zzcc

xxww
yyww
zzww
ttww

==
•• •• •• ••
•• •• •• ••
•• •• •• ••

PPPP··X = xX = x, or, or PP ==
•• •• •• ••
•• •• •• ••
•• •• •• ••

PP44MM

xx00

X(X(µµ))



44

Uses for Camera Matrix Uses for Camera Matrix PP

Given worldGiven world--space pointspace point XX00, camera matrix , camera matrix PP,,
Find camera depth Find camera depth zz00::
–– XX00 = [= [xxww,, yyww, , zzww, , ttww]]TT seen thru camera isseen thru camera is

XX00··PP = = xx00 = [= [xxcc,, yycc, 1], 1]TT··wwcc

–– Then signed depth Then signed depth zz00 is:is:
zz00 = = wwcc sign(sign(det det MM))

ttww || || mm33 ||||
ff CC
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PP44MM
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Skipped:Skipped:
•• P = [K|0]P = [K|0]··RR··TT How can we separate K, R, T?How can we separate K, R, T?

–– Answer: K is triangular; use QR decompositionAnswer: K is triangular; use QR decomposition
•• Cameras at Infinity:Cameras at Infinity:

–– Orthographic or ‘Parallel Projection’ CamerasOrthographic or ‘Parallel Projection’ Cameras
–– Transition to Orthographic:Transition to Orthographic:

•• Weak Perspective projection camerasWeak Perspective projection cameras
•• the ‘zoom’ lens (variable f)the ‘zoom’ lens (variable f)

–– Moving lineMoving line--scan or ‘scan or ‘pushbroom’ pushbroom’ cameras cameras 
•• Translation Scan: aerial/Translation Scan: aerial/sattelitesattelite camerascameras
•• Cylindrical Scan: panoramic camerasCylindrical Scan: panoramic cameras
•• UNC ‘UNC ‘HiBallHiBall Tracker’: 6 tiny selfTracker’: 6 tiny self--locating linelocating line--scan camerasscan cameras

Chapter 6 Chapter 6 In Just One Slide:In Just One Slide:
Given point correspondence sets Given point correspondence sets ((xxii XXii)), How , How 

do you find camera matrix do you find camera matrix P ?   P ?   (full 11 DOF)(full 11 DOF)
Surprise! You already know how !Surprise! You already know how !
•• DLT method: DLT method: 

--rewrite H x = x’ as rewrite H x = x’ as HxHx ×× x’ = 0x’ = 0
--rewrite rewrite P X = xP X = x as as PX PX ×× x  = 0x  = 0
--vectorizevectorize, stack, solve Ah = 0 for h vector, stack, solve Ah = 0 for h vector
--vectorizevectorize, stack, solve, stack, solve ApAp = 0= 0 for for pp vectorvector
--Normalizing step removes origin dependenceNormalizing step removes origin dependence

•• More data More data better results (at least 28 point pairs)better results (at least 28 point pairs)
•• Algebraic & Geometric Error, Sampson Error…Algebraic & Geometric Error, Sampson Error…
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Chapter 7: More OneChapter 7: More One--Camera FunCamera Fun
Full 3x4 camera matrix Full 3x4 camera matrix PP maps maps PP33worldworld to to PP2 2 imageimage

? What does it do to basic 3D world shapes?? What does it do to basic 3D world shapes?
•• PlanePlane

–– Given any point Given any point XXππ on a plane in on a plane in PP33,,
–– Change world’s Change world’s coordcoord. system: let plane be . system: let plane be z=0z=0::
–– Matrix Matrix PP reduces to 3x3 matrix reduces to 3x3 matrix HH in in PP22::

xxππ = = PP··XXππ ==
•• THUSTHUS

PP22 can do all 3D plane transformscan do all 3D plane transforms

xxππ
yyππ
00
ttππ

xxππ
yyππ
ttππ

hh11 11 hh1212 hh1313
hh2121 hh2222 hh2121
hh3131 hh32 32 hh3333

==
pp1111 pp1212 pp1313 pp1414
pp2121 pp1212 pp2323 pp2424
pp3131 pp3232 pp3333 pp3434

Chapter 7: More OneChapter 7: More One--Camera FunCamera Fun
Full 3x4 camera matrix Full 3x4 camera matrix PP maps maps PP33worldworld to to PP2 2 imageimage

? What does it do to basic 3D world shapes?? What does it do to basic 3D world shapes?
Forward Projection:Forward Projection:
•• Line / Ray in Line / Ray in worldworld Line/Ray in Line/Ray in imageimage::

–– Ray in Ray in PP33 is is XX((µµ) = A + ) = A + µµBB
–– Camera changes to Camera changes to PP22:  :  x(x(µµ) = PA + ) = PA + µµPB PB 

ff CC

yycc

zzcc

xxcc

pp

PAPA
AA

µµBB

Chapter 7: More OneChapter 7: More One--Camera FunCamera Fun
Full 3x4 camera matrix Full 3x4 camera matrix PP maps maps PP33worldworld to to PP2 2 imageimage

? What does it do to basic 3D world shapes?? What does it do to basic 3D world shapes?
Back Projection:Back Projection:
•• Line Line LL in in imageimage Plane Plane ππLL in in worldworld::

–– Recall: Line L in Recall: Line L in PP2 2 (a 3(a 3--vector): vector): L =L = [x[x1  1  xx22 xx33]]TT

–– Plane Plane ππL L in in PP33 (a 4(a 4--vector):vector):

ππLL = P= PTT··L = L = 

•• (SKIP (SKIP Plucker Plucker Matrix lines…)Matrix lines…)

ff CC
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zzcc

xxcc

pp

LL

xx11
xx22
xx33

pp1111 pp2121 pp3131
pp1212 pp2222 pp3232
pp1313 pp2323 pp3333
pp1414 pp2424 pp3434

....
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Chapter 7: More OneChapter 7: More One--Camera FunCamera Fun
Full 3x4 camera matrix Full 3x4 camera matrix PP maps maps PP33worldworld to to PP2 2 imageimage

? What does it do to basic 3D world shapes?? What does it do to basic 3D world shapes?

•• Conic Conic CC in in imageimage Cone Quadric Cone Quadric QQcoco in in worldworld

QQcoco = P= PTT··CC··PP

•• Tip of cone is camera centerTip of cone is camera center CC
ff CC

yycc

zzcc

xxcc

pp

Chapter 7: More OneChapter 7: More One--Camera FunCamera Fun
Full 3x4 camera matrix Full 3x4 camera matrix PP maps maps PP33worldworld to to PP2 2 imageimage

? What does it do to basic 3D world shapes?? What does it do to basic 3D world shapes?

•• Dual Dual Quadric Quadric Q*Q* in in world world 
Dual Conic Dual Conic C*C* silhouette in silhouette in imageimage

C* = PC* = PTT··Q*Q*··PP

•• Works for ANY quadric!Works for ANY quadric!
sphere, cylinder, ellipsoid,sphere, cylinder, ellipsoid,
paraboloidparaboloid, hyperboloid, line, disk …, hyperboloid, line, disk …

ff CC

yycc

xxcc

ppzzcc

C*C*
Q*Q*

Chapter 7: More OneChapter 7: More One--Camera FunCamera Fun
Full 3x4 camera matrix Full 3x4 camera matrix PP maps maps PP33worldworld to to PP2 2 imageimage

? What does it do to basic 3D world shapes?? What does it do to basic 3D world shapes?

•• World World ––space cone from camera center space cone from camera center VV to to 
quadric quadric QQ is the degenerate quadric is the degenerate quadric QQcoco::

QQcoco = (V= (VTT QV)Q QV)Q –– (QV)(QV)(QV)(QV)TT

ff VV

yycc

xxcc

ppzzcc

QQ
QQcoco
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Chapter 7: More OneChapter 7: More One--Camera FunCamera Fun
Full 3x4 camera matrix Full 3x4 camera matrix PP maps maps PP33worldworld to to PP2 2 imageimage

? What does it do to basic 3D world shapes?? What does it do to basic 3D world shapes?
‘‘PurePure’’ Rotation:Rotation:
•• Given internal camera calibration Given internal camera calibration K K 
•• 3D rotate camera 3D rotate camera PP about its center about its center CC

using 3D rotation matrix using 3D rotation matrix R R (3x3)(3x3)

•• Get new points Get new points xx’’ from old image points from old image points xx

KK··RR··KK--11 x = x’x = x’
•• akaaka ‘conjugate rotation’‘conjugate rotation’
•• use this to construct planar panoramasuse this to construct planar panoramas

ff cc

yycc

xxcc

ppzzcc

ααxxff ss ppxx 00
0  0  ααyyff ppyy 00
0      0      0      0      11 00

ENDEND


