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CS 395/495CS 395/495--26: Spring  200226: Spring  2002

IBMR: Week 6B IBMR: Week 6B 

Chapter 3:Chapter 3:
Estimation & AccuracyEstimation & Accuracy

Jack TumblinJack Tumblin
jet@cs.northwestern.edujet@cs.northwestern.edu

RemindersReminders
No midterm, no final, but …No midterm, no final, but …
Alternating homework / projectAlternating homework / project

•• Project 2 Due Thurs May 9Project 2 Due Thurs May 9
•• Homework 1 due Thurs May 16Homework 1 due Thurs May 16

•• New! Project 3 assigned May  9 New! Project 3 assigned May  9 (see website)(see website)

due May 23 due May 23 

•• For the iFor the i--thth point pair, DLT minimizes point pair, DLT minimizes ЄЄii ::

•• In RIn R44, point pair is , point pair is XXii = [x y x’ y’]= [x y x’ y’]TT (assume w=w’=1)(assume w=w’=1)

•• Augment Augment XXii with 1; then with 1; then RR44 quadrics are:quadrics are:

XXT T Q X=0Q X=0 oror = 0= 0

RR44 Quadrics for  the Variety Quadrics for  the Variety vvHH

00TT --ww’’i i xxii
TT yy’’I I xxii
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TT 00TT --xx’’i i xxii
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TT --xx’’i i xxii
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•• For the iFor the i--thth point pair, DLT minimizes point pair, DLT minimizes ЄЄii ::

•• Write each row as an RWrite each row as an R44 quadric:     quadric:     XXT T QQii X=0X=0

RR44 Quadrics for  the Variety Quadrics for  the Variety vvHH

00TT --ww’’i i xxii
TT yy’’I I xxii

TT

ww’’i i xxii
TT 00TT --xx’’i i xxii

TT

--yy’’i i xxii
TT --xx’’i i xxii

TT 00T  T  

hh11

hh22

hh33
==AAii

⋅⋅h= h= ЄЄii
ЄЄi1i1
ЄЄi2i2
ЄЄi3i3

Row 1Row 1
Row 2Row 2
Row 3Row 3

0  0 0  0 0   h0   h3131 --w’hw’h2121
0  0 0  0 0   h0   h3232 --w’hw’h2222
0  0 0  0 0 0 0      00      0
0  0 0  0 0   00   0 whwh2222
0  0 0  0 0   00   0 w’whw’wh3333

0  0  0  0  --hh31  31  0   w’h0   w’h1111
0  0  0  0  --hh32  32  0   w’h0   w’h1212
0  0   0   0  0   0   0  0  --w hw h3333
0  0   00  0   0 00 00
0  0   00  0   0 00 w’whw’wh1313

0  0   h0  0   h21   21   --hh1111 00
0  0   h0  0   h22   22   --hh12   12   0    0    
0  0   0    0  0   0    0     w h0     w h2323
0  0   00  0   0 0     w h0     w h1313
0  0 0  0 00 0     00     0

QQi1i1 for Row 1for Row 1 QQi2i2 for Row 2for Row 2 QQi3i3 for Row 3for Row 3

•• Write each row as an RWrite each row as an R44 quadric:     quadric:     XXT T QQii X=0X=0

•• ALL have this form: ALL have this form: QQii ==

•• Quadric’s derivatives are easy:Quadric’s derivatives are easy:

RR44 Quadrics for  the Variety Quadrics for  the Variety vvHH

(Can also write as symmetric(Can also write as symmetric
without changing meaning!)without changing meaning!)

0 0 00 a a b b cc
0    00    0 d    e    fd    e    f
0    0    0    00    0    0    0 gg
0    0    0    00    0    0    0 hh
0    0    0    00    0    0    0 jj

0  00  0 00 00 00
0  00  0 00 00 00
0  0  0  00  0  0  0 aa
0  0  0  00  0  0  0 bb
0  0  0  00  0  0  0 cc

∂∂ QQii
∂∂ xx

::

0  00  0 00 00 00
0  00  0 00 00 00
0  0  0  00  0  0  0 dd
0  0  0  00  0  0  0 ee
0  0  0  00  0  0  0 ff

0  00  0 00 00 aa
0  00  0 00 00 dd
0  0  0  00  0  0  0 00
0  0  0  00  0  0  0 00
0  0  0  00  0  0  0 gg

0  00  0 00 00 bb
0  00  0 00 00 ee
0  0  0  00  0  0  0 00
0  0  0  00  0  0  0 00
0  0  0  00  0  0  0 hh

∂∂ QQii
∂∂ yy

:: ∂∂ QQii
∂∂ x’x’

:: ∂∂ QQii
∂∂ y’y’

::
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yy
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y’y’
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yy
x’x’
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x  y x’ y’ 1x  y x’ y’ 1 x  y x’ y’ 1x  y x’ y’ 1 x  y x’ y’ 1x  y x’ y’ 1 x  y x’ y’ 1x  y x’ y’ 1

Sampson Error Approx.Sampson Error Approx.
•• Sampson error’s Sampson error’s estimateestimate:: XXii == XXii + + δδXX

•• ReRe--name DLT resultname DLT result AAii
⋅⋅hh == ЄЄi  i  asas CCHH(X)  =(X)  = ЄЄii = = 

(Note: (Note: CCHH(X) is a stack of (X) is a stack of 2(or 3)2(or 3) rows of A rows of A ))

•• Use Taylor Series Approx:Use Taylor Series Approx:
CCHH((XXii ++ δδXX) ) ≅≅ CCHH(X) + (X) + δδXX + …+ …

•• Find Find δδxx for errorfor error ≅≅ 0:0:
CCHH((XXii ++ δδXX) ) ≅≅ 0 0 == ЄЄii +  +  δδXX

•• But How? But How? (2(2--,3,3-- and 4and 4--vectors here!)vectors here!)

CCHH(X)(X)

δδxx

∂∂CCHH((XXii))
∂∂XX

ЄЄii

XXii
XX

∂∂CCHH((XXii))
∂∂XX

^̂
ЄЄi1i1
ЄЄi2i2
ЄЄi3i3
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Sampson Error Approx.Sampson Error Approx.
•• Sampson error’s Sampson error’s estimateestimate:: XXii == XXii + + δδXX

•• ReRe--name DLT resultname DLT result AAii
⋅⋅hh == ЄЄi  i  asas CCHH(X)  = (X)  = ЄЄii ==

•• Find Find δδxx: solve  : solve  ЄЄii +  +  δδXX == 00

•• Or as in Book: Or as in Book: ЄЄii +  +  JJ δδXX == 00

+       +       == 00

ЄЄi1i1
ЄЄi2i2
ЄЄi3i3

∂∂CCHH((XXii))
∂∂XX

^̂

ЄЄi1i1
ЄЄi2i2
ЄЄi3i3

CCHH(X)(X)

δδxx

ЄЄii

XXii
XX

δδxx
δδyy
δδx’x’
δδy’y’

∂∂ CCH1H1((XXii)   )   ∂∂ CCH1H1((XXii)   )   ∂∂ CCH1H1((XXii)   )   ∂∂ CCH1H1((XXii))
∂∂ x             x             ∂∂ y             y             ∂∂ x’           x’           ∂∂ y’y’

∂∂ CCH2H2((XXii)   )   ∂∂ CCH2H2((XXii)   )   ∂∂ CCH2H2((XXii)   )   ∂∂ CCH2H2((XXii))
∂∂ x             x             ∂∂ y             y             ∂∂ x’           x’           ∂∂ y’y’

∂∂ CCH2H2((XXii)   )   ∂∂ CCH2H2((XXii)   )   ∂∂ CCH2H2((XXii)   )   ∂∂ CCH2H2((XXii))
∂∂ x             x             ∂∂ y             y             ∂∂ x’           x’           ∂∂ y’y’

(pg. 82)(pg. 82)

Find J terms Find J terms 
from Rfrom R44 quadrics, quadrics, 
solve for  solve for  δδXX ……

Sampson Error Approx.Sampson Error Approx.
•• Sampson error’s Sampson error’s estimateestimate:: XXii == XXii + + δδXX

•• ReRe--name DLT resultname DLT result AAii
⋅⋅hh == ЄЄi  i  asas CCHH(X)  = (X)  = ЄЄii ==

•• Find Find δδxx: solve  : solve  ЄЄii +  +  δδxx == 00

•• Or as in Book: Or as in Book: ЄЄii +  +  JJ δδxx == 00

+       +       == 00

ЄЄi1i1
ЄЄi2i2
ЄЄi3i3

∂∂CCHH((XXii))
∂∂XX

^̂

ЄЄi1i1
ЄЄi2i2
ЄЄi3i3

CCHH(X)(X)

δδxx

ЄЄii

XXii
XX

δδxx
δδyy
δδx’x’
δδy’y’

∂∂ CCH1H1((XXii)   )   ∂∂ CCH1H1((XXii)   )   ∂∂ CCH1H1((XXii)   )   ∂∂ CCH1H1((XXii))
∂∂ x             x             ∂∂ y             y             ∂∂ x’           x’           ∂∂ y’y’

∂∂ CCH2H2((XXii)   )   ∂∂ CCH2H2((XXii)   )   ∂∂ CCH2H2((XXii)   )   ∂∂ CCH2H2((XXii))
∂∂ x             x             ∂∂ y             y             ∂∂ x’           x’           ∂∂ y’y’

∂∂ CCH2H2((XXii)   )   ∂∂ CCH2H2((XXii)   )   ∂∂ CCH2H2((XXii)   )   ∂∂ CCH2H2((XXii))
∂∂ x             x             ∂∂ y             y             ∂∂ x’           x’           ∂∂ y’y’

(pg. 82)(pg. 82)

!TROUBLE!!TROUBLE!
rank=2, butrank=2, but
4 unknowns! 4 unknowns! 

Sampson Error Approx.Sampson Error Approx.
•• Sampson error’s Sampson error’s estimateestimate:: XXii == XXii + + δδXX

•• ReRe--name DLT resultname DLT result AAii
⋅⋅hh == ЄЄi  i  asas CCHH(X)  = (X)  = ЄЄii ==

+       +       == 00

•• Sampson Error vector Sampson Error vector 
δδXX = = --JJTT(JJ(JJTT))--11ЄЄ

ЄЄi1i1
ЄЄi2i2
ЄЄi3i3

^̂

ЄЄi1i1
ЄЄi2i2
ЄЄi3i3

CCHH(X)(X)

δδxx

ЄЄii

XXii
XX

δδxx
δδyy
δδx’x’
δδy’y’

∂∂ CCH1H1((XXii)   )   ∂∂ CCH1H1((XXii)   )   ∂∂ CCH1H1((XXii)   )   ∂∂ CCH1H1((XXii))
∂∂ x             x             ∂∂ y             y             ∂∂ x’           x’           ∂∂ y’y’

∂∂ CCH2H2((XXii)   )   ∂∂ CCH2H2((XXii)   )   ∂∂ CCH2H2((XXii)   )   ∂∂ CCH2H2((XXii))
∂∂ x             x             ∂∂ y             y             ∂∂ x’           x’           ∂∂ y’y’

∂∂ CCH2H2((XXii)   )   ∂∂ CCH2H2((XXii)   )   ∂∂ CCH2H2((XXii)   )   ∂∂ CCH2H2((XXii))
∂∂ x             x             ∂∂ y             y             ∂∂ x’           x’           ∂∂ y’y’

Answer: find Answer: find shortestshortest δδXX::
minimize minimize ||||δδXX||||22 by by 

Lagrange multipliers…Lagrange multipliers…
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Aside: Lagrange MultipliersAside: Lagrange Multipliers
“Given only “Given only f(x) = 0f(x) = 0, find shortest, find shortest--length length xx””

SemiSemi--magical vector trick:magical vector trick:
–– LengthLength22 is scalar value:  is scalar value:  ||x||||x||22 = = xxTTxx
–– Mix in an unknown vector Mix in an unknown vector λλ (‘Lagrange multiplier’):(‘Lagrange multiplier’):

xxTTx  x  -- 2 2 λλT T f(x) = f(x) = g(x,g(x,λλ)) == weird_lengthweird_length22

Aside: Lagrange MultipliersAside: Lagrange Multipliers
“Given only “Given only f(x) = 0f(x) = 0, find shortest, find shortest--length length xx””

SemiSemi--magical vector trick:magical vector trick:
–– LengthLength22 is scalar value:  is scalar value:  ||x||||x||22 = = xxTTxx
–– Mix in an unknown vector Mix in an unknown vector λλ (‘Lagrange multiplier’):(‘Lagrange multiplier’):

xxTTx  x  -- 2 2 λλT T f(x) = f(x) = g(x,g(x,λλ)) == weird_lengthweird_length22

(MUST be = 0)(MUST be = 0)LengthLength22

Aside: Lagrange MultipliersAside: Lagrange Multipliers
“Given only “Given only f(x) = 0f(x) = 0, find shortest, find shortest--length length xx””

SemiSemi--magical vector trick:magical vector trick:
–– LengthLength22 is scalar value:  is scalar value:  ||x||||x||22 = = xxTTxx
–– Mix in an unknown vector Mix in an unknown vector λλ (‘Lagrange multiplier’):(‘Lagrange multiplier’):

xxTTx  x  -- 2 2 λλT T f(x) = f(x) = g(x,g(x,λλ)) == weird_lengthweird_length22

Find shortest ‘Find shortest ‘weird_lengthweird_length22’:’:
–– Find Find ((∂∂g / g / ∂∂x)x) = 0= 0, , Find Find ((∂∂g / g / ∂λ∂λ) ) = 0= 0,,
–– Solve them for Solve them for λλ (substitutions) (substitutions) 
–– then use then use λλ in in g(x,g(x,λλ) ) to findto find x  x  !Done!!Done!

(MUST be = 0)(MUST be = 0)LengthLength22
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More General Approach:More General Approach:
•• Define ‘Measurement space’Define ‘Measurement space’ (e.g.  (e.g.  RR44))

–– Vector: a Vector: a completecomplete measurement set measurement set 
–– Vector holds only Vector holds only knownknown values, butvalues, but
–– Can be Can be ANYTHINGANYTHING: input,output, length, H, …: input,output, length, H, …
–– All possible measures (good or bad)All possible measures (good or bad)

•• Define ‘Model’ Define ‘Model’ 
–– All possible errorAll possible error--free ‘free ‘perfect measurementsperfect measurements’’

such as the variety such as the variety vvHH
–– Defined by a known Defined by a known functionfunction (e.g. (e.g. CCHH(X)(X) = 0= 0 ))

–– A A subsetsubset of measurement spaceof measurement space

More General Approach:More General Approach:
•• Gather points Gather points XXii in ‘measurement space’in ‘measurement space’
•• Replace Replace XXii with ‘with ‘estimatesestimates’ ’ XXii that:that:

–– Satisfy the model, and Satisfy the model, and 
–– minimize distance || minimize distance || XXii –– XXii ||||

•• Book Book (pg 85)(pg 85) gives examples for:gives examples for:
–– Error in both images (what we just did)Error in both images (what we just did)
–– Error in one image onlyError in one image only
–– Maximum likelihood estimation:Maximum likelihood estimation:

same as minimizing geometric errorsame as minimizing geometric error
same as minimizing same as minimizing reprojection reprojection errorerror

^̂

^̂

DLT NonDLT Non--InvarianceInvariance
!Accuracy depends on origin location!!Accuracy depends on origin location!

•• ‘Non‘Non--optional’ Correction required:optional’ Correction required:
–– Find Find centroid centroid of measured pointsof measured points
–– Find average distance of points to Find average distance of points to centroidcentroid
–– Offset origin to Offset origin to centroid centroid for all pointsfor all points
–– Scale about new origin to set Scale about new origin to set 

average distanceaverage distance--toto--origin to origin to sqrtsqrt(2)(2)
–– Reverse process after DLT.  See book for proof.Reverse process after DLT.  See book for proof.

≠≠
xx

yy

yy

xx

(Outline on pg. 92)(Outline on pg. 92)
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ENDEND


